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Abstract 
A Level-set and Finite Element Method (FEM) based two-dimensional numerical model is proposed for the free 
surface flows in the frame of potential theory. The FEM is used to solve the governing equation of potential flow 
while the Level-set method is used to capture the free surface. A new numerical technique is proposed to treat the 
partial elements that are cut by the free surface. Fully nonlinear boundary condition is used on the free surface. 
During the simulation, Eulerian meshes are adopted and only the fluid phase is calculated. A linear sloshing problem 
is firstly used as a benchmark to check the accuracy of the FEM solver. The numerical results are compared with the 
theoretical solution, and good agreements are obtained. Then the dam breaking flow with violent free surface is used 
to validate the proposed FEM-Level-set model. The comparisons show that present model has good numerical 
stability, and is able to produce reasonable prediction on the free surface evolution. Finally a fully nonlinear 
sloshing problem is simulated. The numerical results of the present model agree well with those obtained by the 
model based on boundary element method.  
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of The Chinese Society of Theoretical and Applied Mechanics (CSTAM). 
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1. Introduction 
Strongly nonlinear free-surface flows often occur in ocean engineering. As for the cases that the viscous effects 
can be neglected, the potential theory can be applied. The main difficulty of the potential theory is the nonlinear 
boundary condition on the free surface, which is composed of kinetic boundary condition and dynamic boundary 
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condition. Dynamic boundary condition is used for the advance of potential on the free surface while the kinetic 
boundary condition is used for updating the location of the free surface. There are mainly two kinds of methods 
making use of the kinetic boundary condition, one is front-tracking method based on Lagrange manner and the other 
is interface capturing method which introduces a scalar function to distinguish the condition of the computational 
node. It has been found that when the fully nonlinear potential model with front-tracking method is used to simulate 
the free surface flows, undesirable numerical instability is frequently encountered, especially in the case of violent 
free surface. The interface capturing method only needs to distinguish the condition of the computational node rather 
than the location of the free surface point, so it is always more stable to deal with the violent free surface than the 
former. To combine the interface capturing methods and potential flow theory, an idea is introduced based on 
boundary element method and Level-set method [1,2], where a spline representation is proposed to present the 
location of the free surface. This method has difficulty in dealing with the merging of free surface. This is because 
that when the topology of the free surface changes, the free surface points must be divided into different groups and 
different spline representation must be made for each group. The process of grouping is time-consuming since it 
involves complex graphic operation. Compared with the method based on boundary element method and Level-set 
method, the FEM based field solver only needs to distinguish whether the node is in the fluid phase or not, it is more 
convenient to be combined with the interface capturing method. 
To combine the advantages of interface capturing methods and potential flow theory, a 2D FEM-Level-set model 
is proposed in this work. In this model, the Finite Element Method is used as the flow solver, the Level-set method 
with the fully nonlinear boundary conditions on the free surface is used, allowing that any complex free surface 
configurations can be modeled. The present FEM-Level-set model is developed in the Eulerian reference frame. 
Therefore the space fixed meshes are employed. Only the fluid phase is considered in the present model. In the 
following Section 2, the numerical model will be described. Then in Section 3, the FEM solver for potential flow is 
validated against a linear sloshing problem by comparing with available theoretical solution. The dam breaking is 
further simulated and compared with experimental data to show the stability and accuracy of the present potential 
FEM-Level-set model. Finally the proposed numerical model is applied to a fully nonlinear sloshing problem, and 
comparisons with the numerical results got by boundary element model are presented. 
2. Governing equations and numerical methods 
2.1. Governing equations 
The potential flows of ideal fluid can be described by the Laplace equation in terms of a velocity potential 
2 0,)     (1) 
where the velocity potential Φ is defined as U=ͪΦ,with U being the velocity vector of the flow. The motion of the 
free surface interface is modeled by the Level-set equation [3] 
 * 0,M M   t U    (2) 
where the Level-set function߮ is defined as the signed distance from the free surface, and the velocity U* is the 
extension velocity used for the advance of the Level-set function. The details of the extension velocity U* can be 
found in [4]. 
2.2. Boundary conditions and initial conditions 
As for the problems of sloshing and dam breaking flows considered in this work, the impermeable velocity 
boundary condition can be applied along the solid wall. As the solid walls are stationary, we have,   
  0,)  n  on the solid wall.  (3) 
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On the free surface, the fully nonlinear boundary condition for the velocity potential is used, namely, 
1
0,
2
) ) )     tgy  on the free surface,  (4) 
where g is the gravitational acceleration, and the subscript denotes the derivative with respect to time t.  
By assuming that the flows start from the initial still state, the initial condition for the potential is set to be 
Φ(x,y;t=0)=0. In the context of the triangular elements, the fast marching method to re-initialize the Level-set 
function introduced in [5] becomes inconvenient. Alternatively, the definition of the Level-set function is directly 
used for the re-initialization in this work. In order to avoid numerical instability, the Level-set function is forced to 
be -10-5 when abs(φ)<10-5. 
2.3. Numerical methods 
The Laplace equation of the velocity potential is solved by using the standard Galerkin FEM method. By 
introducing a weight function Ni, the finite element equation can be obtained as follows, 
 2 0,) ) ) )
: * : :
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j
N dS N dl N dS N N dSn   (5) 
whereߗis the fluid domain and ߁ is the boundary. The previously mentioned boundary condition (3) can be directly 
imposed in Eq. (5).  
Because of the existence of the free surface, some elements will be cut. These elements have to be treated 
particularly. For 2D problem, two types of elements will be formed, as shown in Fig. 1.  
For the first case, one partial triangle element is formed by one computational node NA and two free surface 
points NB, NC. While for the second case, one quadrangle element will be formed by two computational nodes and 
two free surface points. As for the second case, the quadrangle element is divided into two triangle elements 
NENFNG and NFNHNG. The unknown is only defined on the computational nodes for the above two cases. 
The time advance of the velocity potential on the free surface is implemented as follows.  
 ') ) )) ) ) w w § ·|   |  ¨ ¸' w w '© ¹
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t t t t
U ,  (6) 
where the subscripts A and B are related to the points on the free surface at different time. Referring to Fig. 2, the 
point A is on the updated free surface obtained by the Level-set function at the time instant t+Δt while point B is 
located on the previous free surface at t, and B is the nearest discrete point on the previous free surface to point A. 
 
Fig.1 Element redefinition 
 
Fig.2 Sketch of potential advance 
For the time advance of Level-set function, the third order TVD Runge-Kutta scheme is used. The gradient of the 
Level-set function is got by the least square method [6]. Because of the use of the triangular elements, the fast 
marching method to construct the extension velocity introduced in [7] is not convenient. To define the velocity of 
the grid node on the right hand side of the Eq. (2), a search is made to find the nearest interface point to the given 
grid node and the velocity is simply given by the value at the interface point [4]. 
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3. Numerical Results and Model Validations 
3.1. Linear sloshing 
Liquid sloshing in a rectangular tank with a breath of 1.0m and water depth 0.5m is simulated. The initial free 
surface is described as η=Acos(2πx), where A =0.01m is the amplitude, which gives rise to a linear sloshing in the 
tank. In this case the linear free surface conditions is used. This problem is mainly for the validation of the FEM 
solver. The Level-Set method is not used, and the surface is got by the linear dynamic boundary condition on the 
free surface. The numerical results are compared with the theoretical solution in Fig. 3 and Fig. 4. Good agreements 
are observed. It shows the FEM solver works well.  
Fig. 3 Dimensionless elevation on the left wall  Fig. 4 Profile of the free surface  
3.2. Dam breaking 
Dam breaking flow is simulated by using the present FEM-Level-set model. The profiles of the free surface at 
two typical time instants are shown in Figs. 5(a) and 5(b). It shows that the present model is able to simulate the free 
surface flows with extremely large deformation, and the free surface is captured successfully with sharp 
configurations. The numerical results are further compared with the experimental data by Martin and Moyce (1952). 
As shown in Figs. 6(a) and 6(b), the positions of the water column fronts and surge front are depicted, respectively. 
The dimensionless parameters in Figs. 6(a) and 6(b) are defined as t’ = t(g/H)0.5, h’ = h/H, x’ = x/H, and H = 
0.05175 m. The numerical predictions are generally in good agreement with the experimental data. 
(a) t=0.079s (b) t=0.122s  (a) Column front  (b) Surge front  
Fig. 5 Profile of the breaking dam Fig. 6 Comparisons of the water position 
3.3. Nonlinear sloshing 
Nonlinear sloshing in a rectangular tank with a breath of 1.0m and water depth 0.5m is simulated using the 
present FEM-Level-set model. The initial profile of the free surface is assumed to be η(x;t=0)=Acos(πx), A=0.07 m, 
which gives rise a wave slope of 7%. After release, the nonlinear sloshing in the container can be expected. The 
profiles of the free surface at several typical time instants are shown in Figs. 7(a) and 7(b). The numerical results of 
this work are compared with the previous numerical solutions by fully nonlinear boundary element model [9], where 
the free surface is tracked by using a semi-Mixed Eulerian-Lagrangian method. The comparisons in Fig.8 suggest 
that the results match well. The nonlinear characteristics of the sloshing response are simulated successfully by the 
present numerical model. 
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(a) t=0.5s 
 
(b) t=1.2s  
Fig.7 Profile of the free surface Fig.8 Elevation on the left wall 
4. Conclusion 
A novel two-dimensional nonlinear potential model is proposed in this work for the complex free surface flows. 
The Level-set method is introduced in the context of potential model and combined with the numerical discretization 
by finite element method. The proposed numerical model is validated against linear and nonlinear liquid sloshing in 
partially filled tank and dam-breaking flow. Comparisons with available theoretical, numerical and experimental 
data show that the present model has good performance in numerical stability, and is able to produce reasonable 
predictions for the free surface flows. The proposed numerical model is expected to have advantages in both 
numerical stability for violent interface flows and computational efficiency for large scale problems, which should 
be confirmed by more numerical tests in the near future. 
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